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Abstract. Let k be a field, and let A be a finite dimensional fc-algebra. We prove that if A is a 
self-injective algebra, then every finitely generated A-module V whose stable endomorphism ring 
is isomorphic to k has a universal deformation ring R(A, V) which is a complete local commutative 
Noetherian fc-algebra with residue field k. If A is also a Frobenius algebra, we show that i?(A, V) 
is stable under taking syzygies. We investigate a particular Frobenius algebra Ao of dihedral type, 
as introduced by Erdmann, and we determine R(Ao, V) for every finitely generated Ao-module V 
whose stable endomorphism ring is isomorphic to k. 



1. Introduction 

Let k be a field of arbitrary characteristic, and let W be a complete local commutative Noe- 
therian ring with residue field fc. Suppose G is a profinite group and V is a finite dimensional 
k- vector space with a continuous G-action. If the G-endomorphism ring of V is isomorphic to k and 
H 1 (G, Endfc(V^)) is finite dimensional over k, then V has a universal deformation ring Rw{G,V) 
(see e.g. [HUE]). The ring Rw{G, V) is a complete local commutative Noetherian W-algebra with 
residue field k which is universal with respect to isomorphism classes of lifts (i.e. deformations) of 
V over such VF-algebras. Universal deformation rings have become an important tool in number 
theory, in particular if G is a profinite Galois group (see e.g. H] and their references). It was 
shown in [TT| that the universal deformation ring R\y(G, V) is isomorphic to the inverse limit of the 
universal deformation rings Rw(Gi, V) where the Gi range over the (discrete) finite quotients of G 
through which the action of G on V factors. Thus an important case to consider with respect to 
deformation rings is when G itself is a finite group, i.e. when kG is a finite dimensional fc-algebra. 

In this paper, we consider the case when W = k and kG is replaced by a more general finite 
dimensional fc-algebra A. Deformations of modules for finite dimensional algebras have been studied 
by many authors in different contexts (see e.g. [13j [16j [2Q] and their references). We focus on 
deformations of modules for such algebras A that have properties close to those of group algebras of 
finite groups. Moreover, our deformations are over arbitrary complete local commutative Noetherian 
k- algebras with residue field k (see §2] for precise definitions). 

Our main motivation to examine this case is as follows. Suppose G is a finite group and V 
is a finitely generated fcG-module. If the endomorphism ring of V is isomorphic to fc, or more 
generally if V is indecomposable, then V belongs to a unique block B of kG. Suppose A is a finite 
dimensional fc-algebra that is Morita equivalent to B and V\ is the A-module that corresponds to V 
under this Morita equivalence. For example, A can be taken to be the basic algebra of B. Then the 
Morita equivalence provides a correspondence between the deformations of V and the deformations 
of Va over all complete local commutative Noetherian fc-algebras with residue field fc, and thus 
between the deformation rings Rf-(G,V) and R(A,V\) (for a precise statement, see Proposition 
2.5p . Hence this enables us to use methods from the representation theory of finite dimensional 
algebras to study deformation rings of group representations. This approach has recently led to the 
solution of various open problems. For example, this was successfully used in [21 21 [5] to construct 
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representations whose universal deformation ring is not a complete intersection, thus answering a 
question posed by Flach 8_ in characteristic 2. 

Let now A be an arbitrary finite dimensional /c-algebra and let V be a finitely generated A- 
module. Using Schlessinger's criteria [TS], it follows that V always has a versal deformation ring 
R(A, V) which is a complete local commutative Noetherian fc-algebra with residue field k and that 
R{A, V) is universal if the endomorphism ring of V is isomorphic to k. Under the assumption that 
A is a Frobenius algebra, we obtain the following stronger result, which is proved in ij2j For a more 
precise statement, see Theorem 12.61 

Theorem 1.1. Let A be a Frobenius k-algebra and let V be a finitely generated A-module whose 
stable endomorphism ring is isomorphic to k. Then the versal deformation ring R(A, V) is universal. 
Moreover, R(A, V) is isomorphic to i?(A, V © P) for every finitely generated projective A-module 
P, and R(A, V) is isomorphic to R(A, Cl(V)) where Q(V) is the first syzygy ofV. 

Since group algebras of finite groups over k are in particular Frobenius algebras, this generalizes 
[31 Prop. 2.1 and Cor. 2.5] which give the corresponding results for group algebras. The proof of 
Theorem 11.11 follows the basic outline of the proofs in [5] , but in several instances arguments that 
are specific to group algebras have to be replaced by arguments that work for arbitrary Frobenius 
algebras. 

In fj3j we assume that k is algebraically closed and we consider the particular Frobenius algebra 
Ao = kQ/I where the quiver Q and the ideal / of the path algebra kQ are as in FigureQ] The algebra 



Figure 1. The basic fc-algebra A = kQ/I. 
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I = (aX, A£, £6, 5p, pfi, (3a, a 2 - XS/3, p 2 - /3X5, £ 2 - 8/3X). 



Ao belongs to the class of algebras of dihedral type which were introduced by Erdmann in [12] to 
classify all tame blocks of group algebras of finite groups with dihedral defect groups up to Morita 
equivalence. However, the algebra A is not Morita equivalent to a block of a group algebra. Since 
Ao is a special biserial algebra, all the non-projective indecomposable Ao-modules can be described 
combinatorially as so-called string and band modules (see [7] and [JS]). The components of the stable 
Auslander-Reiten quiver r s (Ao) consisting of string modules are two 3-tubes and infinitely many 
components of type Z^4^ , whereas the components consisting of band modules are infinitely many 
1-tubes. If M and N are two indecomposable Ao-modulcs belonging to the same component of 
r s (Ao), we say N is a successor of M if there is an irreducible homomorphism M — > N. 

A summary of our main results concerning Ao = kQ/I is as follows. The precise statements can 
be found in Theorem 13. 81 Propositions 13.91 13.101 13TTT1 Theorem 13.161 and Proposition ^. 171 

Theorem 1.2. Let Ao = kQ/I be as in Figure^ and suppose € is a component of the stable 
Auslander-Reiten quiver r s (Ao). 

(i) If £ is one of the two 3-tubes, then f2(<£) is the other 3-tube. There are exactly three Q 2 - 
orbits of modules in C whose stable endomorphism ring is isomorphic to k. IfUa is a module 
that belongs to the boundary of then these three fl 2 -orbits are represented by Uq, by a 
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successor U% o/Uq, and by a successor U2 ofU\ that does not lie in the Q 2 -orbit ofUo. The 
universal deformation rings are 

R(A , U Q ) S R(A , U x ) S k, R(Ao, U 2 ) £* k[[t}}. 

(ii) There are infinitely many components ofT s (Ao) of type 1A°^ that each contain a module 
whose stable endomorphism ring is isomorphic to k. If€. is such a component, then £ = Q(£) 
and there are exactly six fl 2 -orbits (resp. exactly three ft-orbits) of modules in £ whose stable 
endomorphism ring is isomorphic to k. IfVo is a module in £ of minimal length, then these 
three fl-orbits are represented by Vq, by a successor V\ ofVg that does not lie in the fl-orbit 
ofVo, and by a successor V2 of V\ that does not lie in the Q 2 -orbit ofVg. The universal 
deformation rings are 

R(A ,V )^k[[t]]/(t 2 ), i?(A ,^)-fc, fl(Ao, 7 a ) S *[[*]]. 

(iii) There are infinitely many 1-tubes o/L s (Ao) that each contain a module whose stable en- 
domorphism ring is isomorphic to k. If £ is such a component, then there is exactly one 
il 2 -orbit of modules in £ whose stable endomorphism ring is isomorphic to k, represented 
by a module Wq belonging to the boundary of £. The universal deformation ring of Wq is 

#(A 0) Wo) = *#]]■ 

Note that if M is a finitely generated Ao-module whose stable endomorphism ring is isomorphic 
to k, then M = U ® P where U is an indecomposable Ao-module whose stable endomorphism ring 
is isomorphic to k and P is a projective Ao-module. Since by Theorem lf.il R(Ao, M) = R(Ag, U), 
it follows that Theorem 11.21 describes the universal deformation ring for every finitely generated 
Ao-module whose stable endomorphism ring is isomorphic to k. 

Theorem 11.21 shows significant differences between Ao and the blocks of group algebras with 
dihedral defect groups and precisely three isomorphism classes of simple modules which were studied 
in [U[2]. Namely for these blocks, there are only finitely many components of the stable Auslander- 
Reitcn quiver containing modules whose stable endomorphism rings are isomorphic to k. Moreover, 
none of the 1-tubes contain such modules. 

The proof of Theorem 1 1 . 2 1 uses the combinatorial description of the indecomposable Ao-modules 
and of the components of the stable Auslander-Reiten quiver of Ao. To characterize the infinitely 
many components in parts (ii) and (iii) of Theorem II .21 we introduce special words that start and 
end at the vertex of the quiver Q and which we call words of type (see Definition ^. 21) . Using an 
inductive process, we provide a precise description of the modules Vq from part (ii) (see Theorem 
13.81 and Proposition 14. 3[) and of the modules Wo from part (iii) (see Theorem 13.161 and Proposition 
PI) . 

Part of this paper constitutes the Ph.D. thesis of the second author under the supervision of the 
first author [19]. 

2. VERSAL AND UNIVERSAL DEFORMATION RINGS 

Let k be a field of arbitrary characteristic. Let C be the category of all complete local commu- 
tative Noetherian fc-algebras with residue field k. The morphisms in C are continuous fc-algebra 
homomorphisms which induce the identity map on k. Let C be the full subcategory of C of Artinian 
objects. 

Suppose A is a finite dimensional fc-algebra and V is a finitely generated A-module. A lift of 
V over an object R in C is a finitely generated R ®fc A-module M which is free over R together 
with a A-module isomorphism : fc ®r M — > V. Two lifts (M, <f) and (M 1 , <p') of V over R are 
isomorphic if there exists an R (g>£ A-module isomorphism / : M — > M' such that <f>' o (fc ®^ /) = cf>. 
The isomorphism class of a lift (M, (f>) of V over R is denoted by [M, 4>] and called a deformation 
of V over R. We denote the set of all such deformations over R by DefA(V,i?). The deformation 
functor Fy '■ C — > Sets is defined to be the following covariant functor. Let R be an object in C and 
a:R^R'& morphism in C. Then F V (R) = Def A (V, R) and F v (a) : Dcf A (V, R) -> Def A (V, R') is 



4 



FRAUKE M. BLEHER AND JOSE A. VELEZ-MARULANDA 



defined by Fy(a)([M, <f>]) = [R' <8>r iC , M, Q ] where <f) a : k ® R > (R' ® fliQ M) — > V is the composition 

k <S) R i (R' <8> R , a M) = k <8> R M A V of A-modules. Let F v : C -» Sets be the restriction of F v 
to the subcategory C of Artinian objects. Let k[e], where e 2 = 0, denote the ring of dual numbers 
over k. The tangent space of Fy and of Fy is defined to be the set ty = Fv(k[e\). We say that a 
functor D : C —> Sets is continuous, if for all objects R in C whose maximal ideal is m R we have 
D(R) = Imi D(R/m R ). 

i 

Using Schlessinger's criteria p~8l Thm. 2.11], it is straightforward to prove the following result: 

Proposition 2.1. The functor Fy has a pro-representable hull R(A,V) G Ob(C), as defined in 
[181 Def. 2.7], and the functor Fy is continuous. Moreover, there is a k-vector space isomorphism 
ty ^ Ext A (V, V). If End A (U) = k, then Fy is represented by R(A,V). 

Remark 2.2. (i) The first sentence of Proposition 12.11 means that there exists a deformation 
[U(A, V), 4>u] of V over R(A, V) with the following property. For each R S Ob(C), the map 
v R : Hom^(i?(A, V), R) — > Fy(R) given by a 4 Fy(a)([U(A, V), cj>u]) is surjective, and 
this map is bijective if R is the ring of dual numbers k[e\. 

If Fy is represented by R(A, V), in the sense that Fy is naturally isomorphic to the 
functor Hom A (i?(A, V), — ), then the above map v R is bijective for all R G Ob(C). 
(ii) The isomorphism ty = Ext A (V, V) is established in the same manner as in jTTJ §22] . Namely, 
given a lift (M, <fi) of V over k[e] , we have A-module isomorphisms e- M = V and M/e ■ M = 
V. Thus we obtain a short exact sequence of A-modules Em '■ — > V — > M — » V — > 0. The 
map s : ty — > Ext A (V, V) which sends [M, 0] to the class [£m] in Ext A (V, V) is well-defined. 
It is straightforward to see that s is a fc-vector space homomorphism. On the other hand, 
given an extension £ : — > V — ^ Vi ^> — > of A-modules, we can define a &;[e]- 
module structure on V\ by letting e act as u\ o w 2 . Thus there is a A-module isomorphism 
V> : Vi/eVi — > V, and (Vi, ijj) is a lift of V over fc[e]. Sending ] to [Vi, ip] defines the inverse 
of s. 

Definition 2.3. Using the notation from Proposition 12.11 and Remark l2.2f i). the ring R(A,V) is 
called the versal deformation ring of V and [U(A, V), 4>u] is called the versal deformation of V. In 
general, the isomorphism type of i?(A, V) is unique up to a (non-canonical) isomorphism. 

If i?(A, V) represents Fy, then i?(A, V) is called the universal deformation ring of V and 
[U (A, V), (j>xj\ is called the universal deformation of V. In this case, R(A, V) is unique up to a 
canonical isomorphism. 

Remark 2.4. Note that some authors consider a weaker notion of deformations. Namely, let A and 
V be as above, let R be an object in C and let (M, <f>) be a lift of V over i?. Then the isomorphism 
class [M] of M as an i? Cg)fc A-module is called a weaA; deformation of V over i? (see e.g. [UJ 
§5.2]). We can also define the weak deformation functor Fy : C — > Sets which sends an object R 
in C to the set of weak deformations of V over R and a morphism a : R — » i?' in C to the map 
£j?(a) : F$(R) -> F^(i?') which is defined by f^(a)([M]) = [i?' ®fl, a M], 

In general, a weak deformation of V over R identifies more lifts than a deformation of V over R 
that respects the isomorphism tf> of a representative (M,<f>). However, if A is self-injective and the 
stable cndomorphism ring End A (U) is isomorphic to k, then the two deformation functors Fy and 
Fy are naturally isomorphic (see Theorem [2T6ji) ) . 

We now prove that Morita equivalences preserve versal deformation rings. Recall that two finitely 
generated fc-algebras A and A' are said to be Morita equivalent if they have equivalent module 
categories. By the Morita theorems (see for example [lO, §3D]), A and A' are Morita equivalent if 
and only if there exist a A'-A-bimodule P and a A-A'-bimodule Q such that P and Q are finitely 
generated projective both as left and as right modules and Q <g>A' P = A as A-A-bimodules and 
P®aQ — A' as A'-A'-bimodules. In this situation, we say that P and Q induce a Morita equivalence 
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between A and A'. Note that if P and Q are such bimodules, then P<S>a — and Q©a' — give mutually 
inverse equivalences between the module categories of A and A'. 

Proposition 2.5. Let A and A' be finitely generated k-algebras. Suppose that P is a A' ' -A-bimodule 
and Q is a A -A' ' -bimodule which induce a Morita equivalence between A and A'. Let V be a finitely 
generated A-module, and define V' — P ®a V. Then the versal deformation rings R(A,V) and 
R(A',V) are isomorphic inC. 

Proof. Suppose R G Ob(C) is Artinian, and define RA — R ® k A and RA' = R ® k A'. Then 
Pr = R <E>k P is finitely generated projective as a left PA'-module and as a right PA-module, and 
Qr = R ®fc Q is finitely generated projective as a left PA-module and as a right PA'-module. We 
have 

Pr ®raQr = R ®k (P ®a Q) = RA as PA-PA-bimodules 

and 

Qr ®ra> Pr = R®h (Q ®A' P) — Rk' as PA'-PA'-bimodules. 
In particular, Pr ®ra — and Qr ®ra> — give mutually inverse equivalences between the module 
categories of RA and RA' . 

Let now (M, (f>) be a lift of V over R. Then M is a finitely generated PA-module. Define 
M' = Pr <E)ra M. Since Pr is a finitely generated projective right PA-module and since M is a 
finitely generated free P-module, it follows that M' is a finitely generated projective, and hence 
free, i?-module. Moreover, 

(2.1) k ® R M' = k® R (Pr ®ra M) = P® A (k ® R M) P ®a V = V. 

This means that (M', <j>') = (Pr ®ra M, P ®a 4>) is a lift of V over R. We therefore obtain for all 
R G Ob(C) a well-defined map 

r fl :Def A (y,i?)^Dcf A '(y',i?). 

Since Pr (&ra — and Qr ®ra' — give mutually inverse equivalences between the module categories 
of RA and RA' , it follows that tr is bijective. It is straightforward to check that tr is natural 
with respect to homomorphisms a : R — > R' in C. Since the deformation functors Fy and Fy 
are continuous, this implies that they are naturally isomorphic. Hence the versal deformation rings 
R(A, V) and R(A' , V) are isomorphic in C. □ 

In [3], it was proved that if A is the group algebra kG of a finite group G, then a finitely generated 
A-module V has a universal deformation ring if the stable endomorphism ring End A (V) is isomorphic 
to k. Moreover, in this case -R(A, V) = R(A, Q(V)), where Q(V) is the first syzygy of V, i.e. Q(V) 
is the kernel of a projective cover Py —> V. We want to generalize this result to arbitrary Frobenius 
algebras. Recall that a finite dimensional fc-algebra A is a Frobenius algebra if and only if there 
exists a non-degenerate associative bilinear form 9 : A x A — > k. This is equivalent to the statement 
that the right A-modules Aa and (aA)* = Hom^AA, k) are isomorphic. In particular, the group 
algebra kG is a Frobenius algebra. By [TQl Prop. 9.9], every Frobenius algebra is self-injective. 

Theorem 2.6. Let A be a finite dimensional self-injective k-algebra, and suppose V is a finitely 
generated A-module whose stable endomorphism ring End A (V) is isomorphic to k. 

(i) The deformation functor Fy is naturally isomorphic to the weak deformation functor Fy 
from Remark \2.4\ 

(ii) The module V has a universal deformation ring i?(A, V). 

(iii) If P is a finitely generated projective A-module, then End A (V © P) = k and P(A, V) = 
R(A,V®P). 

(iv) If A is also a Frobenius algebra, then End A (Q,(V)) = k and R(A,V) = P(A, fi(V)). 

Proof. Suppose End A (V) = k. Then End A (V r © P) = k for every finitely generated projective 
A-module P. Since A is self-injective, SI induces a self-equivalence of the stable module category 
A- mod . Hence also End A (Q(V)) = k. 
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We want to follow the basic outline of the proofs of [3j Lemma 2.3 and Props. 2.4 and 2.6]. 
Because the functor Fy (resp. Fy) is continuous, most of the arguments can be carried out for 
the restriction Fy (resp. Fy) of Fy (resp. Fy) to the subcategory C of C of Artinian objects. If 
R e Ob(C) is Artinian, we define RA — R ®k A. 

Let 7r : R — > Ro be a surjection in C, and let Qo be a finitely generated projective i?oA-module. 
Since RA is Artinian, Qo has a projective i?A-module cover Proj^(Qo), which is unique up to 
isomorphism. In particular, Rq ®r iW Proj H (Qo) — Qo a $ i?oA-modules. We first show in Claims 1 
and 2 below that certain homomorphisms between 7? A-modules which factor through projective 
modules can be lifted to RA- module homomorphisms. Since R, R are Artinian, we can use an 
inductive argument, assuming that tt : R — > Rq is a small extension, i.e. the kernel of tt is a 
principal ideal tR annihilated by the maximal ideal tur of R. 

Claim 1. Let 7r : R — > Ro be a surjection in C. Let M, Q (resp. Mo, Qo) be finitely generated 
i?A-modules (resp. i?oA-modules) and assume that Q (resp. Qo) is projective. Suppose there are 
i?oA-module isomorphisms g : Ro ®r^ M — > Mo, h : Ro ®r,h Q — > Qo- If Vq € Hohir a(Mo, Qo), 
then there exists v e HomflA(M, Q) with vo = ho {Ro ®r.-k v) ° g ■ 

Proof of Claim 1. As noted in the paragraph before the statement of Claim 1, we can assume that 
7r : R —> R is a small extension whose kernel is tR. Tensoring — !• ti? — > R Ro with Q over 
R, we obtain a short exact sequence of i?A-modules 

(2.2) -)• tQ ->• Q Q -> 

where tq : Q — »■ i?o ®ii,7r Q is the natural surjection. Applying Homj?A(M, — ) to (|2.2|) . we obtain a 
long exact sequence 

(2.3) ► Hom flA (Af, Q) (h ° Tq) *) Hom RA (M, Q ) -»■ Ext^ A (M, tQ) -)■ • • ■ 

Because tQ = k <3r Q is a finitely generated projective A-module, and hence an injective A- 
module, it follows that Ext^j A (M, tQ) = Ext A (fc <S>r M,tQ) — 0. Thus the map (h o tq)» in 
(|2.3|) is surjective. Since the natural surjection tm ■ M — >■ Ro <E)R t7r M induces an isomorphism 

HoniR A(Mo, Qo) ^ > HomR\(M, Qo), this implies that there exists an i?A-module homomor- 
phism v : M —t Q such that Uq = h o (i? ®fl,7r ^) ° 9 ■ This proves Claim 1. 

As noted in the paragraph before Claim 1, finitely generated projective Ro A- modules can be 
lifted to finitely generated projective -RA-modules. We can use this together with Claim 1 to prove 
the following result. 

Claim 2. Let ir : R — >• Ro be a surjection in C. Let M (resp. Mo) be a finitely generated i?A-module 
(resp. Ro A-module) such that there is an R A- module isomorphism g : R ®r^ M — > M . Suppose 
(To G End A (Afo) factors through a projective i?oA-module. Then there exists a 6 End#A(M) such 
that a factors through a projective i?A-modulc and (To = g o (R a (E)r.tt <t) o g^ 1 . 

We next show in Claim 3 that if (M , 4>) is a lift of V over an object R in C, then the deformation 
[M, 4>] does not depend on the particular choice of the A-module isomorphism. This implies part 
(i) of Theorem 12.61 since Fy and Fy are continuous. In other words, the deformation functor Fy 
can be identified with the deformation functor considered in [3]. 

Claim 3. Let R be an Artinian object in C, and let (M, <fi) and (M',(j)') be two lifts of V over R. 
If there is an RA- module isomorphism / : M — > A/', then there exists an i?A-module isomorphism 
/' : M ->• M' such that <f>' o (k ® R /') = 0. In other words, [M, <f>] = [AT, <f>']. 

Proof of ClaimS. Let/ = 4>o (k ^rJ)' 1 o (c//)" 1 G End A (V r ). Since End A (y) = fc by assumption, 
there exists a scalar sj € k and a homomorphism ef"/ G Find\(V) which factors through a projective 
A-module such that / = sj ■ idy + o r f- By Claim 2, there exists 07 6 End/{A(Af) which factors 
through a projective i?A-module such that Wf — (f>o(k (Sir aj) o Moreover, there exists s/ E R 
such that k®RSf = sj. Let /" = Sf ■ idjvf + cry . Then A: 0^ f" = 4 >1 °f o (/> is an automorphism of 
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k® R M, which implies by Nakayama's Lemma that /" is an automorphism of M. Define /' = fof". 
Then cf>' o [k ® R /') = <j), which proves Claim 3. 

We can now use Claims 2 and 3 together with analogous arguments to the ones used in the proof 
of [21 Lemma 2.3] to prove the following result. 

Claim 4. If (Af, (f>) is a lift of V over an Artinian object R in C, then the ring homomorphism 
ctm : R End RA (Af ) coming from the action of R on M via scalar multiplication is surjective. 

We next prove part (ii) of Theorem 12.61 Because of Proposition 12. 1[ it suffices to verify Sch- 
lessinger's criterion (H 4 ) in 18, Thm. 2.11], which is a consequence of the following result. 

Claim 5. Let 7r : R' — > R be a small extension of Artinian objects in C. Then the natural map 
F V (R' x R R') -> F V {R') x Fv (R) Fv{R') is injective. 

Proof of Claim 5. Let a\ : R' X R R' R' (resp. ct2 : R' x R R' —> R') be the natural surjection onto 
the first (resp. second) component of R' x R R' such that iroai — iroa2- Let (Mi,<fii) and (M2,4>2) 
be lifts of V over R' x R R' . Suppose there are i?'A-module isomorphisms fa : R' ® R 'x RR i, ai Mi — > 
fi'®ffx H fl',ai^2 fori = 1,2. Then g R = (R®R>, 7T f2)~ lo (R®R',Trfi) is an i?A-module automorphism 
of R®R'x R R',-Koa 2 M\. By Claims 2 and 4, it follows that there exists an i?'A-module automorphism 
oof R' ®>R/x R R',a 2 Mi with R®R> t -„9 — 9r- Replacing fi by f2°g, we have R®r/^ f\ — R®R',-n f2- 
Therefore, the pair (/i,/^) defines an (R' xr R') A- module isomorphism / : Mi — > M2. By Claim 
3, this implies that [Mi,0i] = [M2,4>2], which proves Claim 5. 

For part (iii) of Theorem l2.6[ we need the following result. 

Claim 6. Suppose P is a finitely generated projective A- module and there is a commutative diagram 
of finitely generated i?A-modules 

(2.4) ^Proj H (P)— >- T ^0 

*P ^ k <8>fl T — ^ k ® R C ^0 

in which T and C are free over R and the bottom row arises by tensoring the top row with k 
over R and identifying P with k ®r Proj fl (P). Then the top row of (|2.4p splits as a sequence of 
i?A-modules. 

Proof of Claim 6. Since A is self-injective, P is an injective A-module. Thus there exists a A- 
module homomorphism ZD : k (g)^ T — > P with ZJ o a = idp. By Claim 1, there exists an RA- module 
homomorphism lu : T — > Proj^(P) such that k <S>r u — uj. Hence k <S>r (oj o a) — uj o a — idp. Using 
Nakayama's Lemma, this implies that u) o a is an RA- module automorphism of Proj fi (P). This 
proves Claim 6. 

Part (iii) of Theorem 12.61 follows now by using Claim 6 together with analogous arguments to 
the ones used in the proofs of [3l Prop. 2.6 and Cor. 2.7]. 

For the proof of part (iv) of Theorem l2.6[ we assume that A is a Frobenius algebra. We need the 
following result. 

Claim 7. Let R be an Artinian object in C, and let Q be a finitely generated projective left RA- 
module. Then Q* = HompA(Q,P) is a projective right i?A-module. 

Proof of Claim 7. Consider the additive map 

(2.5) i?(8> fc Hom fc ( A A,fc) -> Rom R ( mkA (R ® fe A), R) = B.om R ( RA (RA), R) 

b®f H> (a ® A M> abf(X)). 

By [TUJ Thm. 2.38], (|2.5p is an i?-module isomorphism. It is straightforward to check that (|2.5[) is in 
fact an isomorphism of right i?A-modules. Since A is a Frobenius algebra, there is an isomorphism 
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Aa = (aA)* = Hom/-(AA, k) of right A-modules. Therefore, 

{ RA (RA)T = Rom R ( RA (RA),R) ^R® k ( A A)* = R ® k (A A ) = {RA) RA 

as right i?A-modules. By assumption, Q is a finitely generated projective left iiA-module. Hence 
there exists a left i?A-module T and an integer n such that Q © T = ( RA (RA)) . Since Q and T 
are free over R, they are i?A-lattices. Thus we have 

Q* © T* SS (Q © T)* SS (Uv(i*A))*)" = ((J2A)av) w . 

Hence Q* is a projective right i?A-module, which proves Claim 7. 

Consider the short exact sequence — > Q(V) Py — > V — > coming from the definition 
of Q,(V). Let (U,ip) be a lift of f2(V) over an Artinian object i? in C. Since Proj fl (Py) is a 
projective i?A-module with k ® R Proj R (Pv) — Pv, we can use Claim 1 to lift Tp to an i?A-module 
homomorphism ip : U — > Proj^(Py). Using this together with Claim 7, we can argue analogously 
to the proofs of (3} Prop. 2.4 and Cor. 2.5] to prove part (iv) of Theorem 12.61 

This completes the proof of Theorem 12.61 □ 

3. A PARTICULAR ALGEBRA OF DIHEDRAL TYPE 

For the remainder of this article, let k be an algebraically closed field of arbitrary characteristic 
and let Ao be the basic fc-algebra Ao = kQ /I where Q and I are as in Figure [TJ The algebra Ao 
is one of the algebras of dihedral type studied by Erdmann in [12] , In particular, Ao is symmetric, 
and hence a Frobenius algebra. By [T2l Lemma IX. 5. 4], Ao is not Morita equivalent to a block of a 
group algebra. We denote the irreducible Ao-modules by So, Si and S2, or, using shorthand, by 0, 
1 and 2. The radical series of the projective indecomposable Ao-modules can be described by the 
following pictures: 

1 2 

(3.1) P = \ , P x = 1 I , P 2 = 2 J . 

1 2 

Since Ao is a special biserial algebra, all indecomposable non-projective Ao-modules are either 
string or band modules (see [7]). We give an introduction to the representation theory of Ao in an 
appendix in Sj5j where we introduce in particular words, strings, bands and canonical /c-bases for 
string and band modules. Moreover, we describe the components of the stable Auslander-Reiten 
quiver using hooks and cohooks and give a description of the homomorphisms between string and 
band modules as determined in [15] . 

Our goal in this section is to determine all string and band modules V for A whose stable 
endomorphism rings are isomorphic to k and to compute their universal deformation rings i?(A , V). 
Because of the symmetries that both the quiver Q and the relations / satisfy, we will make use of 
the following permutations of the vertices and arrows of Q. 

Definition 3.1. (i) For u S {0, 1, 2}, define v u to be the following permutation of the vertices 
and arrows of Q: 

*/ = (1,2)00,003^), vi = (0,2)(a,O(P,5), and v 2 = (0, l)(o, p){\, 6). 

Note that vq, v\ and v 2 are not quiver automorphisms of Q. If S = w%W2 • • • w n is a word 
of length n > 1 representing a string, let us = e(S) and define 

(ii) Let 9 be the quiver automorphism of Q which acts on the vertices and arrows of Q as the 
permutation 

9=(0,l,2)(a,p,O(P,S,X). 
If S = W1W2 ■ ■ • w n is a word of length n > 1 representing a string, define 

e(s) = e(w 1 )9(w 2 )---e(w n ). 
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The following words starting and ending at the vertex will play a special role when discussing 
both string and band modules. 

Definition 3.2. (i) Define x = X^SPa' 1 and y = XSp' 1 /3a" 1 . 
(ii) We say a word Z is a word of type if Z = lo or 

Z = ■ ■ ■ z n _ l 

where n > 1 and z 0l ...,z n _ 1 £ {x, y}. We call n the type-O-length of Z, where n = 
corresponds to Z = lo- 

(hi) Let Z = ZqZj • • ■ z n _ 1 be a word of type 0. A subpattern U of Z is a subword of Z such 
that either U = lo or Z7 = • • -2^ for some 0<i<j<n— 1. The inverse pattern 

U~ of {7 is defined to be U~ = 1q if U = lo and C/ _ = ZjZj_i ■••z i if {/ = ^ or 
some < i < j < n — 1 . 

(iv) Let Z = z • • • jZ n -i be a word of type of type-O-length n > 1. For < z < n — 1, we define 
the i th rotation of Z of type to be 

(0)/ 7 N _ 

Pi K^l — ' ' ' ' ' '2U— 1- 

Dcfine ~ r ,(o) to be the equivalence relation on all words of type of type-O-length at least 
1 such that Z ~ r ,(o) Z' if and only if Z = pf'(Z') for some i. 

3.1. Stable endomorphism rings and universal deformation rings of string modules for 

Ao. In this section, we describe all string modules M(S) for Ao whose stable endomorphism rings 
are isomorphic to k and determine their universal deformation rings. 

The following result is an easy consequence of [15] (see Remark l5.4j) and the symmetric shapes 
of the radical series of P , Pi and Pi as given in (I3.1[) . 

Lemma 3.3. Let S = wiui2 ■ • ■ w n be a word of length n > 1 representing a string and let p us (S) 
be as in Definition 1 3. 1U ) . Then is us (S) is a word representing a string. Moreover, 

dim fc End Ao (M(g)) = dim k End A jM(u„ J S))\ and 
dim fc Ext Ao (M(S),M(S)) = dim* Ext Ao (M(i/ us (5)), M{v us (S))). 

For the description of all the string modules whose stable endomorphism rings are isomorphic to 
k, we need to introduce special strings, which we call strings of type f3a~ 1 \ and which are defined 
using the words of type introduced in Definition 13.21 

Definition 3.4. (i) We say a word S is the standard representative of a string of type (5a~ 1 X 
if 

S = fict- x Z\ 

where Z is a word of type 0, as defined in Definition I3.2f n'). A subword U of S is called 
a subpattern of S if U is a subpattern of Z, as defined in Definition I3.2f iii). The inverse 
pattern U~ of U is also defined as in Definition 13 . 2f m) . We define S~ — f3a~ 1 Z~\. 
(ii) Define S to be the permutation S = (x,y). Define H(lo) = lo- If Z = z ---z n _ 1 is a 
word of type of type-O-length n > 1, define E{Z) = S(z ) • • •S(z„_ 1 ). If S = ficr x Z\ 
is the standard representative of a string of type /3a~ 1 A, define S(S) = /?a _1 5(Z)A and 
H(S-) = Pa- 1 ~(Z-)\. 

Remark 3.5. Let 5* be the standard representative of a string of type f3a~ l A, and let S~ and 3 be as 
in Definition 13.41 Moreover, let i/q, v\, v% and 9 be as in Definition 13. II Then 0(vi{S)) — V2{0(S)) — 
Z(S-)- 1 , and hence 3(S~) = 6 2 {v 2 (S- 1 )). Moreover, ^(S' 1 ) = (^(^(S)))" 1 - 

Lemma 3.6. Let S = /3a _1 2. ' ' ' Ln-i ^ ^ e ^ e standard representative of a string of type /3a -1 A 
as in Definition \3.4\ The stable endomorphism ring of M(S), End /y (M(S)), is isomorphic to k if 
and only if S has the following property: 
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(+) If there are subpatterns U,A\,A 2 of S such that 

S = f3a- 1 UxA 2 \ or S = fioT 1 A 1 xU xA 2 X or S = (3a' 1 A 1 xU A, 

then for all subpatterns B\ , B 2 of S, we have 

S ^ f3oT l UyB 2 X and S ^ (3c*- 1 B 1 yU y_B 2 \ and S ^ (3a' 1 B iy U X. 

Moreover, if the stable endomorphism ring of M(S) has k-dimension at least 2, then all modules in 
the stable Auslander-Reiten component containing M(S) have this property. 

Proof. Since End A() (M(/3a _1 A)) = k and /3a _1 A has property (+), Lemma [3.61 follows for n = 0. 
For the remainder of the proof, let S — /3a z ■ ■ ■ z n _ 1 A be a word representing a string of type 
/3a -1 A with n > 1. We analyze the different possibilities for M(S) such that End Ao (M(S)) has 
fc-dimension at least 2. 

Suppose first that there exists a string T ^ s S of length at least 2 such that M(S) has a canonical 
endomorphism ar, as defined in Remark l5.4[ factoring through M(T). In particular, End A (M(S)) 
has fc-dimension at least 2. It follows from the definition of strings of type f3aT 1 X that 

T ~ s /3a" 1 U X 

for some subpattern U of 5 and that there exist subpatterns A\, A 2 , Bi, B 2 of S satisfying both (*) 
and (**), where 

(*) S = Pa- 1 U xA 2 X or S = par 1 A x xU xA 2 A or S = /3a' 1 A 1 xU A, 
(**) S = (3a- 1 UyB 2 X or S = fia' 1 B x yU y_B 2 X or S = fta' 1 B 1 yU X. 
On the other hand, if S satisfies (*) and (**), then M(S) has a canonical endomorphism factoring 
through a string module that is not isomorphic to M (S) with at least three composition factors. It is 
straightforward to see that then also the modules M(Sh---h) and M(h—hS) each have a non-identity 
canonical endomorphism factoring through a string module with at least three composition factors. 

Next let T be a string of length or 1 such that M(S) has a canonical endomorphism ar factoring 
through M(T). Then either T = 6 or T = l u for some u £ {0, 1, 2}. Analyzing these cases further, 
it follows that ax does not factor through a projective Ao-module only if S satisfies (*) and (**) 
for certain subpatterns U, Ax, A 2 , B\, B 2 of S. This completes the proof of Lemma |3"1)1 □ 

Remark 3.7. Let S be the standard representative of a string of type /3a" 1 A, and let S~ and S 
be as in Definition 13.41 If S satisfies condition (+) from Lemma [3.61 then S = S~ . Moreover, S 
satisfies condition (+) if and only if H(5 I ) satisfies condition (+). 

Theorem 3.8. Let £ be a component of the stable Auslander-Reiten quiver T s (Aq) consisting of 
string modules. Then £ contains a module whose stable endomorphism ring is isomorphic to k if 
and only if either 

(i) € is a Z-tube, or 

(ii) € contains a simple Ag-module, or 

(iii) there exist i € {0, 1, 2} and a string of type (3a~ 1 X whose standard representative S satisfies 
condition (+) from Lemma \3.6\ such that €. contains M{9 l {S)). 

Proof. Since one of the 3-tubes contains M(a) and the other 3-tube contains M(5j3), it follows that 
if £ is as in (i), (ii) or (iii), then £ contains a module whose stable endomorphism ring is isomorphic 
to k. 

Conversely, let £ be a component of string modules containing a module whose stable endomor- 
phism ring is isomorphic to fc, and suppose £ is not a 3-tube. Then £ is of type 7LA^. Let T be a 
word representing a string such that M{T) has minimal length in £. 

If T has length 0, 1 or 2, it follows that M{T) lies in the same component as a simple Ao-module, 
and hence M(T) is itself simple. 

Now suppose T is a string of length at least 3. Let ut = e(T), let v UT and 9 be as in Definition 
13. 1[ and let ir £ {0, 1, 2} be such that 6 %t {ut) = 1. Then there exists j £ {0, 1} such that 

(3.2) S = 6 iT {i4 lT {T)) = pa- 1 X--- . 
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Suppose first that S in (|3.2p is not the standard representative of a string of type fioT 1 A. Then there 
exists a word Z = Zq ■ ■ ■ z n _ 1 of type of maximal type-O-length n > such that S — j3a~ 1 ZW 
for some subword W of S. In particular, W x ■ ■ ■ and W ^ y ■ ■ ■ . Because M(T) is assumed 
to have minimal length in its stable Auslander-Reiten component, the same is true for M(S) in its 
stable Auslander-Reiten component. Thus W ^ 1q. Since we assume that S is not the standard 
representative of a string of type (3a" 1 A, W ^ A. Hence either (a) W — XS W', or (b) W = A£ -1 W 
for some subword W of W. Analyzing these cases further, it follows that the stable endomorphism 
ring of every module in the stable Auslander-Reiten component containing M(S) has /c-dimension 
at least 2. Hence it follows by Lemma \3. 31 that this case cannot occur. 

Therefore, S in (|3.2p must be the standard representative of a string of type /3a -1 A. If j = 0, 
then 9~ tT (S) = T and we define S = S. If j = 1, then by Remark 

0- it '\e(s-)) = d-^- 1 ^ 2 ^^- 1 ))) = 0- lT+1 ((0 2 MS))) _1 ) = (e~ lT (MS)) 1 = t- 1 

and we define S — By Definition 13.41 E(S~) is also the standard representative of a string 

of type (3a~~ 1 \. Hence in both cases j = and j = 1, there exists i G {0, 1, 2} such that £ contains 
M (9 l (S)), where S is the standard representative of a string of type fia^X. Since we have assumed 
that £ contains a module whose stable endomorphism ring is isomorphic to k, it follows by Lemma 
13.61 that S satisfies condition (+). This completes the proof of Theorem 13.81 □ 

Because of the prominent role played by standard representatives of strings S of type j3a~ 1 \ in 
Theorem 13. 81 the question arises which such S satisfy condition (+) from Lemma 13.61 We will give 
a precise answer to this question in Proposition 14.31 

We now look at the components of the stable Auslander-Reiten quiver of Ao singled out by 
Theorem E^l 

Proposition 3.9. Fori 6 {0,1,2}, let €i be the component of the stable Auslander-Reiten quiver 
of Ao containing the simple K^-module Si = M(li). Define (li)h = ^ 4 (A^~ 1 ) and (li)hh — 
9 l (A£ §p ). The component <Zi is stable under Q, and the modules in €i whose stable endo- 
morphism rings are isomorphic to k are precisely the modules in the VL-orbits of the modules M(li), 
M((li)h) and M((li)hh)- Their universal deformation rings are 

i?(A , M(U)) = k[[t]]/(t 2 ), i?(A , M((li) h )) S k, R(A , M((l t ) hh )) = k[[t]]. 

Proof. It suffices to consider i = 0. Using hooks and cohooks (see Definition I5.3[) . we see that Co is 
stable under f2 and that all Ao-modules in Co he in the fi-orbit of either 

4,o = M ((A£- 1 ty- 1 J 8a- 1 ) n ) , or 

An A = M ((X^Sp-^a^TXr 1 ) , or 

A n , 2 = Mdxr^p-^a-^xr^p- 1 ) 

for some n > 0. Note that M(l ) = A 0<0 , M((l ) h ) = A Q>1 and M((l ) hh ) = A 0<2 . Using Remark 
15.41 and the description of the projective indecomposable Ao-modules in (13. ip . it is straightforward 
to show that the stable endomorphism ring of Aqj is isomorphic to k for j G {0,1,2} and that 
Ext Ao (A j , Aoj) is isomorphic to k for j G {0, 2} and zero for j = 1. On the other hand, for n > 1, 
A n j has a non-zero endomorphism which factors through M(1q) and which does not factor through 
a projective A -module. 

Since Ext^ (Ao,i, Ao,i) = 0, it follows that i?(Ao, ^4o,i) — k. Since Ext A (Aoj, Ao t j) is isomorphic 
to k for j e {0, 2}, it follows that R(A , A ,j) is a quotient of k[[t]} for j e {0, 2}. 
The module Aq^ lies in a non-split short exact sequence of Ao-modules 

(3.3) -4- A .o -> M (a) -> A Qfi 0. 

Therefore, M(a) defines a non-trivial lift of ^o^ over fc[[t]]/(t 2 ). This implies that there is a 
unique surjective fc-algebra homomorphism ip : R(Aq, Aq^q) — ¥ k[[t]}/(t 2 ) in C corresponding to the 
deformation defined by M(a). We need to show that -ip is an isomorphism. Suppose this is false. 
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Then there exists a surjective fc-algebra homomorphism ipo : R(Aq, Aq^q) — > k[[t]]/(t 3 ) in C such that 
7r o -0o = ip where tt : k[[t]]/(t 3 ) —> k[[t]]/(t 2 ) is the natural projection. Let Mq be a fc[[i]]/(^ 3 ) ®k Aq- 
module which defines a lift of Ao : o over fc[[i]]/(i 3 ) corresponding to rpo. Because Mo/t 2 Mo = M(a) 
and t 2 Mo = Ao$, we obtain a non-split short exact sequence of fc[[i]]/(i 3 ) ®fc Ao-modules 

(3.4) -> A 0fi -> Mo -> M(a) -> 0. 

Since Ext A (M(a), Ao,o) = 0, this sequence splits as a sequence of Ao-modules. Hence Mo = 
Ao,o ffi M(a) as Ao-modules. Writing elements of Mo as (a, m) where a G Ao,o and m G M(a), 
the t-action on Mo is given as t(a,m) = (a(m),tm), where a : M{a) — > Aq.o is a surjective Ao- 
module homomorphism. Since for all such a we have a(t m) = = i 2 m, it follows that t 2 (a, to) = 
(a(tm),t 2 m) = (0,0) for all a G Ao$ and m € M(a). But this is a contradiction to t 2 Mo = j4o,o- 
Thus ip is a fc-algebra isomorphism and i?(Ao, Ao,o) — MM]/(* 2 )- 

Let a = A£~ 1 Sp~ 1 and consider Aq^ = M(a). Then Aq^ lies in a non-split short exact sequence 
of Ao-modules 

(3.5) -» A , 2 -> M (a/3a) -)• A ,2 -> 0. 

Therefore, M(af3a) defines a non-trivial lift of j4o,2 over fc[[i]]/(i 2 ). Let {bo, b\, . . . , 64} be a canonical 
fc-basis of Aq j2 relative to the representative a, and let for each arrow £ G {a, p, £, /3, <5, A}, X<; be 
the 5x5 matrix with entries in k describing the action of £ on ^0,2 with respect to {bo, b%, ... , 64} 
(see Definition 15. Let L0.2 be a free /c[[f]]-module of rank 5, and let {-Bo, B\, . . . , B4} be a 
basis of Lo,2 over k[[t]]. Viewing k as a subalgebra of k[[t]], define a Ao-module structure on L0.2 
by letting £ G {a, p, £, (5, A} act as the matrix Xq and /3 as the matrix Xp + tE±$ with respect 
to the basis {Bo, B\, . . . , B4}. Here £4^ is the elementary 5x5 matrix which sends Bo to B4 
and all other basis elements to 0. Then Lq,2 is a fc[[t]] <8>fc Ao-module which is free over k[[i\] and 
Lq, 2/^0,2 — ^4o,2- Hence Lo,2 defines a lift of ^0,2 over and there exists a unique fc-algebra 

homomorphism ip : i?(Ao,Ao, 2 ) k[[t\] in C corresponding to the deformation defined by Lo,i- 
Because £0,2/^^0,2 — M(aJ3a) as Ao-modules, Lo, 2/^^0,2 defines a non-trivial lift of v4o,2 over 
fc[[i]]/(i 2 ). Thus ip is surjective. Since R(Aq,Aq^) is a quotient of k[[t]], this implies that <p is an 
isomorphism, and hence i?(Ao, ^0,2) — k[[t]]. This proves Proposition [379] □ 

Proposition 3.10. Let S be the standard representative of a string of type j3a~ 1 \ satisfying con- 
dition (+) from Lemma VS .b\ Then = \5p~ 1 S and hhS = Sf3a^ 1 (hS). Fori G {0,1,2}, let £s,i 
be the component of the stable Auslander-Reiten quiver of Aq containing M(9 l (S)). The component 
£s,i is stable under tt, and the modules in <Ls,i whose stable endomorphism rings are isomorphic to 
k are precisely the modules in the Q-orbits of the modules M(9 l {S)), M{9 l (hS)) and M(9 l (f l hS)). 
Their universal deformation rings are 

R(A ,M(9*(S))) SS k[[t]]/{t 2 ), R(A ,M(9\ h S))) £* fc, R(A , M(9*( hh S))) S k[[t}}. 

Proof. It suffices to consider the case when i — 0. Using hooks and cohooks (see Definition [573]) , we 
see that €3,0 is stable under f2 and that all Ao-modules in £$,0 be in the J7-orbit of either 

V n , = M{S{5p~ 1 f3a- 1 \C 1 ) n 5p- 1 ), or 

V n l = M (S (5 p- 1 (3a- 1 XC^Sp- 1 (3a- 1 ) , or 

V n , 2 = M^p-^c^Ar 1 ) 7 ^ 1 ) 

for some n > 0. Since S = S~ when S satisfies condition (+), we have M(S) = £l(Vb,o), M(hS) = 
f2(Vo,i) and M(hhS) = ^(Voa)- By Lemma l3~6l the stable endomorphism ring of M(S) is isomorphic 
to fc. Using Remark 15.41 together with similar arguments as in the proof of Lemma f3.6[ it follows 
that the stable endomorphism ring of Vqj is isomorphic to fc for j G {0, 1, 2}. Similarly, we analyze 
Ext^ (Vbj , Vbj) to see that it is isomorphic to fc for j G {0,2} and zero for j = 1. On the other 
hand, for n > 1, V n ,j has a non-zero endomorphism which factors through M(l\) and which does 
not factor through a projective Ao-module. 
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The universal deformation rings of Vb,0j Va t i and Vo,2 are determined in a similar way as in the 
proof of Proposition EH It follows that i?(A ,V ,o) = k[[t]]/(t 2 ), R(A ,V ,i) = k and fl(A ,Vb, 2 ) = 
k[[t}]. Using Theorem I2.6f iv). this proves Proposition 13. 101 □ 

Proposition 3.11. Let Ti and T 2 be the two 3-tubes of the stable Auslander-Reiten quiver of Aq. 
Then fi(Xi) = T 2 . Define T = a -1 . Then Th = a -1 A£ -1 and Thh — ol A£ _1 5 . The modules 
in Ti U T 2 whose stable endomorphism rings are isomorphic to k are precisely the modules in the 
fl-orbits of the modules M(T), M(Th) and M(Thh)- Their universal deformation rings are 

R(A ,M(T)) = k = R(A ,M(T h )), R(A ,M(T hh )) S k[[t}}. 

Proof. Using the description of the projective indecomposable Ao-modules in (13. 1[) . we see that 
ri(Ti) = T 2 . Using hooks and cohooks (see Definition 15. 3p and Remark l5.4[ it is straightforward to 
show that the only A -modules in %i U T 2 whose stable endomorphism rings are isomorphic to k 
lie in the ft-orbit of either C = M(T), d = M{T h ) or C 2 = M{T hh ). Since Ext\ o {Cj, Cj) = for 
j E {0, 1}, we have R{A , Cj) = k for j e {0, 1}. Since Ext\ o (C 2 , C 2 ) = k, it follows that R(A , C 2 ) 
is a quotient of k[[t]]. Using similar arguments as in the proof of Proposition 13.91 we obtain that 
R(A ,C2) = k[[t]], which proves Proposition 13. Ill □ 

3.2. Stable endomorphism rings and universal deformation rings of band modules for 

Ao. In this section, we describe all band modules for Ao whose stable endomorphism rings are 
isomorphic to k and determine their universal deformation rings. 

It follows from jjjj that if B is a band, and n > 2 is an integer, then End A (M(B, n, n)) 

has fc-dimension at least 2. Hence we can concentrate on the band modules ATb. m = M(B, /i, 1). 

For the description of all the band modules whose stable endomorphism rings are isomorphic to 
k, we need to look at special bands, which we call bands of type and which are defined using the 
words of type and their rotations of type introduced in Definition 13.21 

Definition 3.12. (i) We say a word B representing a band is a top-socle representative if 

where I > 1, C 2i _i € {/3, f3\, S,6f3, \, \5} and C 2 i 6 {a,p, for 1 < i < I. The words 
Ci, C 2 , . . . , C21 are called the top-socle pieces of B. The positive integer I is called the top- 
socle length of B. For 1 < j < 21, s(Cj) is called the top of Cj and e(Cj) is called the socle 
of Cj. The collection of all the tops (resp. of all the socles) of the C 2 i_i, 1 < i < I, where 
we count multiplicities, is called the top (resp. the socle) of B. 

(ii) We say a band is a band of type if it has a top-socle representative B which is a word of 
type 0, as defined in Definition 13. 2f ii). In other words, 

B = ZqZ.1 ■ ■ ■ <Ln-l 

where n > 1 and z , . . . ,z n _ 1 £ {x, y}. A standard representative of a band of type is a 
top-socle representative which is a word of type 0. This is unique up to rotations of type 0, 
as defined in Definition I3.2f iv) . 

(iii) Let B = z_ z ± ■ ■ ■ z n _ 1 be a standard representative of a band of type 0. A rotated subpattern 

U of B is a subpattern of pf\B) for some < i < n — 1, where pf^ is as in Definition 
I3.2f iv). Thus either U = lo or U = z_iZ_ i+ i ■■■ z_j for some 0<i<j<n — lorU = 
■ ■ ■ z n _ 1 z_ ■ ■ ■ Zj for some 0<j<i<n — 1. The inverse pattern U~ of U is given 
as in Definition I3.2I T iii) . 

(iv) Let B — ZqZ.1 ■■■ z„_i be a standard representative of a band of type 0, and let cj 6 
{0, 1, . . . , n — 1}. We say B allows a wrap-around at u) if z± = z Luj _ i for all i, where the 
indices are taken modulo n. 

Remark 3.13. Suppose B = z^z^ ■ ■ ■ z_ n _i is a standard representative of a band of type 0. 
(i) Since B is not a power of a smaller word, B allows at most one wrap-around. 
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(ii) Suppose B allows a wrap-around at u. Let G k*, and let Mb,^ = M(B,fi, 1) and 
Mb,/J = M(B,jl, 1). We obtain the following sequence of canonical homomorphisms from 
Mb,h to Ms,p,, as defined in Remark 15.51 associated to the wrap-around at u. 

Let {bo, b\, . . . , b^n-i} (resp. {bo, b\, . . . , 6g n -i}) be a canonical fc-basis for Mb !(1 (resp. 
Mb,p.) relative to the representative B (see Definition I5.2[) . Let < j < n — 1. Define 
z/j = f and £j = 2 if z_ ■ — x (resp. Vj = 2 and ej = 1 if Zj — y). Then (resp. ^,2) with 
ZjAhj+Vj) = b 5 (u-j)+ Vj +i and £j,i(bi) = for all other i (resp. ^3,2(^+4) = h{u-j) and 
0.2(^0 = for all other i) defines a canonical homomorphism from Mb i(J to Mb,/j of string 
type le 3 (resp. 1 ). 

Considering the projective indecomposable Ao-modules, it follows that £7,1 + 0,2 for 
j G {0, 1, . . . , n — 1} — {oj} and + |5£aj,2 all factor through projective A -modules. Also, 
£,j.2 + 0+1)1 f° r j £ {0, 1, ■ • ■ , n — 2} and £ n -i,2 + m£o,i all factor through projective Ao- 
modules. We conclude that every homomorphism in {0,i>0> 2 I < j < n — 1} factors 
through a projective Ao-module if and only if /i/i ^ I. 

Lemma 3.14. Let B — ZqZ^ ■ ■ ■ z n _ 1 be a standard representative of a band B of type as in 
Definition \3.12l let [i £ k* and let Mb.^ — M(B,(i,l). The stable endomorphism ring of Mb,^, 
End Ao (AfR ; ,). is isomorphic to k if and only if fi ^ ±1 and B has the following property: 
(H — h) If there are rotated subpatterns U,V of B such that B ~ r ,(0) xUxV, then for all rotated 
subpatterns W of B, we have B 7^(0) yU TjW . 
Here ~ r ,(o) * s ^ e equivalence relation introduced in Definition \3.2( iv) . 

Proof. Since for B € {x, y}, End Ao (Mb i1U ) = k if and only if fj, ^ ±1 and since x and y have property 
(++), Lemma [3.141 follows for n = 1. For the remainder of the proof, let B = ZqZj • • ■ z n _ x be a 
standard representative of a band of type with n > 2, and let /i S fc*. We analyze the different 
possibilities for Mg i(1 such that End Ao (Mr j,) has fc-dimension at least 2. 

Suppose first that there exists a string T of length at least 2 such that Mb i(J has a canonical 
endomorphism cut of string type T, as described in Remark 15.51 In particular, End Ao (Mr t ,) has 
fc-dimension at least 2. It follows from the definition of bands of type that 

for some rotated subpattern U of B and that there exist rotated subpatterns V, W of B such that 

(X) B ~ r ,(o) xC/xT^ and B ~ r ,(o) V_U yW. 
On the other hand, if i? satisfies (|), then Mb, 11 has a canonical endomorphism factoring through 
a string module with at least three composition factors. 

Next let T be a string of length or 1 such that Ms, M has a canonical endomorphism ar of 
string type T. Then either T = S or T = l u for some u 6 {0, 1, 2}. 

Analyzing these cases further, it follows that if T — 5 then or does not factor through a projective 
Ao-module only if B satisfies (%) for certain rotated subpatterns U, V, W of B. 

Next let T = l u for some u € {0, 1, 2}. Then ax does not factor through a projective A -module 
only if either (a) B satisfies (|) for certain U, V, W, or (b) B has property (++) and // = ±1. 
To explain (b), we first note that if B has property (-1 — h), then B allows a wrap-around at ui for 
a unique uj G {0, 1, . . . , n — 1} (see Proposition 14. 4p . Using Remark I3.13f ii). it follows that if B 
satisfies (-1 — h) then ax does not factor through a projective Ao-module if and only if there exist 
< j < n — 1 and s G {1, 2} such that cxt = £j,s and fi — ±1. This completes the proof of Lemma 
I3~14l □ 

Definition 3.15. Define 

(3.6) p = \C 1 Sp~ 1 /3a~ 1 and q = \Sp~ x (3\£ y ~ 1 d(3a~ 1 . 

Theorem 3.16. Let M be a band module for Aq. Then the stable endomorphism ring of M is 
isomorphic to k if and only if either 

(i) there exist ji G k* and B G {p, q} such that M = Mb, ft, or 
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(ii) there exist i G {0, 1, 2}, p G k* with p =/= ±1, and a standard representative B of a band of 
type satisfying condition (H — h) from Lemma \3. 14\ such that M = Mgi^ ^. 

Proof. Let C be a top-socle representative of a band whose top-socle length is I > 1, and let p G k* 
be such that M = Mc^- As in Definition 13 . 1 2 f i) , C has the form 

C = D x D^D z Dl x ■ ■ ■ D 2l - X D-t 

where D 2 j-i G {/3, f3\, 5,5/3, \, \5} and D 2 j G {a,p,£}. In particular, I > 2. 

If all D 2 j-i have the same length, then either C ~ r p or C ~ r q. In this case the stable 
endomorphism ring of Mc,^ is isomorphic to k for all p. 

For the remainder of the proof suppose that not all D 2 j~i have the same length. Then there 
exists io 6 {0,1, 2} such that C has a subword of the form 8 l ° (x) or (y). This means that we can 
write 

C = 6- l0 {C) = Z a Z l ---Z m ^ 

where for all < j < m — 1, Zj is a sequence of top-socle pieces of C such that Zj — A • • • a -1 and 
lo occurs exactly once in the top of Zj. Hence Zj £ {p^, q r ,x r , y r \ r > 0}, where 

= AT 1 ^" 1 (/3Ar 1 <V~ 1 ) r /3"" 1 , q r = A (^-^Ar 1 )^ 1 ^a" 1 , 

x r = AC -1 (Sp^pXT^SpcT 1 , y r = XSp- 1 (pX^Sp^Y pa' 1 . 
In particular, p Q = p, g< = q, x = x, y = y. Using that at least one of the Zj is x or y , we 
obtain that the stable endomorphism ring of Mq , and hence of Mq,^, has fc-dimension at least 2 
for all p £ k* except in the following cases: 

(a) C only contains x and or 

(b) C only contains x and £j ; or 

(c) C only contains y Q and y v 

Suppose that C is as in one of the cases (a) - (c). Then there exists i\ £ {0,1,2} such that a 
rotation of 9 ts -(C) is a standard representative of a band of type 0. Thus there exist i £ {0,1,2} 
and a standard representative i? of a band of type such that Mp i(1 = Mgi/g\ ^ By Lemma \3. 141 
it follows that the stable endomorphism ring of Mc tfJ , is isomorphic to k if and only if p ^ ±1 and 
satisfies condition (++). This completes the proof of Theorem 13. 161 □ 

Because of the prominent role played by standard representatives of bands B of type in Theorem 
13.161 the question arises which such B satisfy condition (++) from Lemma [3.141 We will give a 
precise answer to this question in Proposition 14.41 

We now look at the band modules for Ao singled out by Theorem 13. 161 

Proposition 3.17. Let B be a top-socle representative of a band and let p G k* . 

(i) If pek* and {B, B'} = {p,q}, then Vl(M B ^) = M B >,-p-i- 

(ii) If p G k* — {±1} and there exists i G {0, 1, 2} such that 6~ l (B) is a standard representative 
of a band of type satisfying condition (H — (-) from Lemma \3.14\ then f2(Ms jjU ) = M B fi -i. 

In each of the above cases, the universal deformation ring is i?(Ao,Afe, M ) = fc[[t]]. 

Proof. Using that A = P 2 © P\ © Po is a projective A -module cover of M p ^ and analyzing the 
kernel f2(M PiAt ) of the natural surjection Ao — > M P A1 , it follows that f2(M P) ^) = M g) _„-i. Since 
Sl 2 (M p ^) = M PiM , we also have f2(M 9iM ) = M p ^-i. Using Remark \5M we see that the vector 
space Hohia (M 5 _„-i , M Ptfl ) is 3-dimensional over k, but the subspace of homomorphisms factoring 
through projective Ao-modules has fc-dimension 2. Hence 

Ext\ (Mp^Mp^) S Hgm Ao (n(Mp, M ),A4p, M ) = Bgm Ao (M^-i, M Rtfl ) = k. 

This implies that R{Kq, M p p ) is a quotient of k[[t]]. Using similar arguments as in the proof of 
Proposition l3.9[ we obtain that i?(A , M p ^) = k[[t}]. By Theorem l2.6f iv'). we also get i?(A , M 9-M ) = 
fc[[i]], which proves part (i). 
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Suppose now that fi, i and B are as in part (ii). Without loss of generality, we may assume that 
i = 0, which means that B is a standard representative of a band of type satisfying condition 
(H — h). Then B allows a unique wrap-around (see Proposition ^. 4p . which implies B ~ r ,(o) B~ . Since 
the top-socle length of B is even, it follows that Q(Mb )M ) = M BijU -i. Using Remark [531 we see 
that the fc-dimension of the vector space Hom.A (Afg „-i, Ms^) is one less than the fc-dimension of 
End.A ( AfB,/i)) since there is no identity homomorphism in the former space. Arguing in a similar 
way as in the proof that the stable endomorphism ring of Mb,h is isomorphic to k, we see that 
all the canonical homomorphisms Mg „-i — s> Mb,h factor through projective Ao-modules except 
possibly the homomorphisms £j,i>£j,2j < j < n — 1, from Remark I3.13f ii). Since /J, (i = 1, it 
follows that 

Ext l Ao (MB,„,M Biti ) ^Hom Ao (Q(M B)/1 ),M S!iU ) ^Hom Ao (M fli(1 -.,M Bi(1 ) S fc. 

This implies that R(A , M B ^) is a quotient of fc[[f]]. Using similar arguments as in the proof of 
Proposition 13.01 we obtain that R(Aq 1 M B ^) = k[[t]}. This completes the proof of Proposition 
I3~T71 ' □ 



4. Appendix: Strings and bands for A satisfying (+) and (++) from Section [3] 

We assume the notation from fJ3] In particular, k is an algebraically closed field of arbitrary 
characteristic and Ao is the basic fc-algebra Ao = kQ / 1 where Q and I are as in Figure [TJ Because 
of the prominent role played by standard representatives of strings S of type /3a~ 1 X satisfying con- 
dition (+) in Theorem l3.8[ respectively by standard representatives of bands B of type satisfying 
condition (H — h) in Theorem 13. 16[ the question arises if one can give an explicit description of such 
S and B. In this appendix, we give a precise answer to this question in Propositions 14.31 and 14.41 

Considering words of type of small type-0-length suggests that to answer this question one 
needs to use an inductive process. The key ingredients in this inductive process are described in 
the following definition. We assume Definition [ 



Definition 4.1. (i) Let £ be a positive integer, let . . . be an (I — l)-tuple with ij G 

{0, 1} mod 2 for 1 < j <£—l, and let (ai, . . . , a^_i) be an (£— l)-tuple of positive integers. 
We define 

A = x, Ni= m 

and for 1 < j < £ — 1 , 

Ai 1 ,...,i ) .,o(ai, • • • ,aj) = A^,...,^.^!, . . . , aj-i) aj N il> ,^ >ij _ lt ^ +1 (ai, . . . ,Oj_i), 

...,a,j) = N iu _ tij (ai,. . .,aj_i)°' +1 N iu ^^ l ._ u(ij)+1 (a 1 , . . .,aj_i). 

(ii) Let I be a positive integer, let (ii, . . . , be an {£ — l)-tuple with ij 6 {0, 1} mod 2 for 
1 < j < € — 1, and let (oi, . . . , fl^-i) be an — l)-tuplc of positive integers. Define 

xW = N il ,... tie _ l! a(ai,...,ae-i), 

We say a word Z is a word o/ type on level £ if Z = 1q or 

7 _ -(/) . . . J<) 
^ — ±o Sn-l 

where n > 1 and .Zq , . . . , A x 6 {x^, f/^}. We call n the type-O-length on level £ of Z, 
where n = corresponds to Z = 1q. Note that for £ = 1, this is the original definition of a 
word of type from Definition 13.21 

If we want to emphasize the tuples used to define x} e ' and we say Z is a word of 
type on level i relative to the {£ — l)-tuples (it,..., ie-i) and (ai, . . . , a*-i). 

(iii) Let Z — zjp ■ ■ • zfLi ^ e a w ord of type on level £. A subpattern U of Z on level I is a 

(£) (£) (£) 

subword of Z such that either U = 1q or U — z] • • • zj for some < i < j < n — 1. 
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(iv) Let Z = z_(P ■ ■ ■ z£!_i be a word of type on level £ with n > 1. For Q < i < n— I, we define 
the i th rotation of Z of type on level £ to be 

P 4 l^J — %i ■ ■z n _ 1 z ■■■z i _ 1 . 

Define ~ r ,(o,^) to be the equivalence relation on all words of type on level £ of type-0- length 
on level t at least 1 such that Z ~ r ,(o,-£) Z' if and only if Z = p\°' £ \z') for some i. Note 
that for I = 1, the equivalence relation ~ r (o,<) coincides with the equivalence relation ~ r ,(o) 
from Definition 13.21 

(v) Let £ be a positive integer, let . . . , be an {£ — l)-tuple with ij S {0, 1} mod 2 for 
1 < i < £ — 1) an d let (oi, . . . , a^-i) be an (£ — l)-tuplc of positive integers. Define x^ and 

as in part (ii) and define 

fcW = Pa~ 1 N il . f) (ai)N lul2 . S) (a ll a2) ■ ■ ■ iV il) .., i ^_ I) o(oi, • • • , a/-i), 
= ^.....^(ai,...^^) '- 1 ••• tfi 1 ,fe(ai) a3 (WJ Bl A. 
We say a word S 1 is the standard representative of a string of type /3a~ 1 \ on level £ if 

where Z is a word of type on level £. Note that for £ = 1, this is the original definition of 
the standard representative of a string of type /tar 1 A from Definition 13.41 

If we want to emphasize the tuples used to define y^\ fr® and we say S is the 
standard representative of a string of type (3a~ 1 \ on level £ relative to the (£ — l)-tuples 
and (at, . . . , c^_i). 

A subpattern U of 5 on /eve/ £ is a subpattern of Z on level as defined in part (iii). 

(vi) Let £ be a positive integer, let (ii, . . . , be an (t — l)-tuple with ij 6 {0, 1} mod 2 for 
1 < i < ^ — 1) and let (ax,..., at-i) be an (£ — l)-tuple of positive integers. Define 
and as in part (ii). We say a band is a 6and o/ type on level £ if it has a top-socle 
representative -B which is a word of type on level £. In other words, 

B - z (l) ■ ■ ■ z (t) 

where n > 1 and Zq^, . . . ji^— l £ {s± e \y^}- A standard representative of a band of type 
on level £ is a top-socle representative which is a word of type on level £. This is unique 
up to rotations of type on level £, as defined in part (iv). Note that for £= 1, this is the 
original definition of a band of type and a standard representative of a band of type 
from Definition [3321 

If we want to emphasize the tuples used to define x^ and y^ l \ we say B is a standard 
representative of a band of type on level £ relative to the {£ — l)-tuples . . . , ie-i) and 
(Oi, ■ • • , o^_i). 

(vii) Let B — z^ zf 1 ■ ■ ■ z^L\ be a standard representative of a band of type on level £. A 
rotated subpattern U of B on level £ is a subpattern of pf >,i \B) for some < i < n— 1, where 
pj is as in part (iv). Thus either J7 = 1q or U = zf zf^ • ■ • Zj for some < i < j < n 
or (7 = z 2 - ' z^j ■ ■ • z^LiZq ■ ■ ■ Zj for some < j < i < n. 

(viii) Let B = Zq' z± ■ ■ ■ z£ > _ 1 be a standard representative of a band of type on level £, and 
let lu G {0, 1, . . . , n — I}. We say B allows a wrap-around on level £ at u) if zf = z^}_ { for 
all i, where the indices are taken modulo n. 

Remark 4.2. (i) Let S be the standard representative of a string of type /3a _1 A. Then S is the 
standard representative of a string of type /3a _1 A on level 1. There is a maximal positive 
integer £ such that S is the standard representative of a string of type /3a~ 1 A on level £. 

Conversely, if S is the standard representative of a string of type /3a _1 A on level £ relative 
to the {£— l)-tuples («i, . . . , ie-i) and (oi, . . . , a-i-i), then 5* is the standard representative of 
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a string of type /3a~ 1 X on level j for all 1 < j < I relative to the (j — l)-tuples (it, . . . , ij-x) 
and (oi, . . . , aj-i). 

(ii) Let Bbea standard representative of a band of type 0. Then B is a standard representative 
of a band of type on level 1. There is a maximal positive integer I such that B lies in the 
equivalence class under ~ r ,(o) °f a standard representative of a band of type on level £. 

Conversely, if B is a standard representative of a band of type on level I relative to 
the {£ — l)-tuples . . . , and (ai, . . . , di-i), then B is a standard representative of a 
band of type on level j for all 1 < j < £ relative to the (j — l)-tuples (ii, . . . , ij-i) and 
(ai, . . . ,aj_i). 

Proposition 4.3. Let S = /3a _1 2 ' ' ' Ln-i ^ ^ e ^ e standard representative of a string of type 
f3a~ 1 \ as in Definition \3.4\ Then S has property (+) from Lemma \3.6\ if and only if there exist 
a positive integer £ and a choice of (£ — 1) -tuples (ii, . . . , ii-\) and (ai, . . . , ae-i) as i> n Definition 
\4-lj v) such that 

(4.1) S = b {t) l^ or S = bM(xW) a <l W or S = bW(yW) a <l_ W 

for some positive integer an . 

Proof. Let £ be a positive integer, let . . . , ii-\) and {a\, . . . , o^_i) be (£— l)-tuples as in Definition 
I4.1f v). and let S be the standard representative of a string of type /3a _1 A on level £ relative to 
these (I — l)-tuples. As stated in Remark I4.2f i). S is then also the standard representative of a 
string of type /3a _1 A on level j for all 1 < j < I relative to the (j — l)-tuples (ii, . . . ,ij-i) and 
(ai,...,aj-i). Let j e {1,. ..,£}. Then S = b (j) ■ ■ ■£]_ 1 l_ (j \ where € {xU),yW} for all 
ie{Q,...,rij- 1}. Let = z£ ] and let d u) be such that {c^A^} = {x^,y^}. In particular, 
for 1 < j <£, 2^' +1 ) = (c^) a id ij) and y^ +1 ) = (c^) a ' +1 d U \ and = b (j) (c^) a 'd (j) and 

/tf+i) = (g«) 

For 1 < j ' < £, consider the following property: 

If there are subpatterns U, Ai,A 2 of S on level j such that 

S = b U) Uc u) A 2 l_ U) or S = b^Ai^Uc^A 7 l^ or S = b^A 1 ^Ul (i \ 
then for all subpatterns -Bi, -B2 of 5 on level j, we have 

S ^b {3) U d (o) B 2 l} 3) and S* ^ Bi d U) U d U) B 2 l_ u) and S ^ b u) B 1 d U) U l_ U) . 

Claim 1. Let S be the standard representative of a string of type /3a _1 A on level £ as in the first 
paragraph of the proof. Then S has property (+) from Lemma 13.61 if and only if S has property 

(+)* 

Proof of Claim 1. Note that (+)i is the same as (+). Moreover, S does not have property for 
some 1 < j < I if and only if there exist subpatterns U, A\, A2, B%, B 2 of S on level j satisfying 
and where 

S = b (j) Uc^A 2 l} j) or S = b [3) A x c^ U c^ A 2 l} j) or S = b (j) A l c^ U l U) , 
0*)j S = b (j) Ud u) B 2 l_ (j) or S = b^B x d U) U d u) B 2 l} j) or S = bV ) B 1 dV ) U l_ U) . 
Suppose that S does not have property i.e. S satisfies and 

If j < £, then S is also the standard representative of a string of type /3a~ 1 A on level (j + 1). 
Therefore, it follows that the subpattern U in and has the form U — (c ( -^) aj d^ U (c^) aj 
for some subpattern U of S on level (j + 1). Since b U+1) = b {j) {c^) a idP\ l_ U+1) = (c^) a H_ u \ 
xO'+i) = (c0'))<»^0') and y^' +1 ) = (c^))^ +1 d (j) , it follows that 5 satisfies and for 

appropriate subpatterns of S on level (j + 1). 

If j > 1, then S 1 is also the standard representative of a string of type /?a _1 A on level (j — 1). We 
have b {j) = b {l - 1] (cV- 1 )) a *- 1 dV- l) and l^ = (c^- 1 ))^- 1 ^'-^. Moreover, = (cW- 1 ))^' -1 ' 
and = (c^ _1 ^)^ J_1 ' , where {^, C} — { a j-i7 a j-i + !}• Using this to rewrite and (**)j on 
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level (j — 1), it follows that S satisfies (*)j-i and for appropriate subpatterns of S on level 

(j — 1). Therefore, Claim 1 follows by induction. 

Let now S = /3a~ l z • • ■ z n _ 1 A be the standard representative of a string of type /3a~ 1 X, i.e. S 
is the standard representative of a string of type (3a~ 1 \ on level 1, and suppose S has property 
(+) from Lemma 13.61 Using the notation from the first paragraph of the proof, it follows that 
S = l^- 1 ', or S = b^- 1 ' (cW) ni r 1 -' for some positive integer ax, or 

5 = fe (1) (c«) Sl (d (1) ) 41 ■•• (c«)"(d tl ') ( '(cW)'^lW 
for some positive integers r, s\, . . . , s r +i and ti, . . . , t r with s, = s r +2-i and tj — t r+ i-j for all 
i,j by Remark 13.71 Since S has property (+), it cannot contain both subpatterns b^ c^ and 
df 1 ' dP'h Therefore, tj — 1 for all j. Because S cannot contain both subpatterns b^ (c^) Si c^ and 
d (1) (c (1) ) s 'd (1) (resp. S cannot contain both subpatterns 6 (1) (c^) Sl d (1) and (c^) Sl c^), we 
obtain s\ < Sj < sj + 1 for all z. Therefore, 

(4.2) S = (c^)* 1 d« • • • (c«) s " (c^)^ 1 1' 1 ) 

for some positive integers r, si, . . . , s r +i with Sj £ {si, Si + 1} and = s r +2-i for all i. Letting 
ai = Si, we obtain that 

s=b^ (c^rs i K ---v n ^ 1 (c il) rL {1) 

where n 2 = r - 1 > and t; t e {(cW) ai (cW) Ql+1 for all i 6 {0, . ..,n 2 - 1}. Letting 
ii = (resp. i\ = 1) if c^ 1 ' = x (resp. Q- 1 ' = y), we obtain 

(4.3) S-lPtf-^pl 

where n 2 > and .zj 2 ' 1 e {x^ 2 \y^} for alH € {0, . . . , n% — 1}. If n 2 > 1, let c' 2) = Zq 2 ^ and choose 
d (2) such that {c^\d {2) } = {z (2) , y (2) }. Since 5 satisfies (+), it also satisfies (+) 2 by Claim 1. 
Therefore, S = hr 2 ' £ 2 \ or S — b^ (c^) a2 l^ 2 ' for some positive integer a 2 , or 

S=£ (2) (c (2) ) Ul (rf (2) r ••• (c(2))^(d(2))^(c(2))^+i i (2) 

for some positive integers w, u\, . . . , u w+ i and v%, . . . ,v w with u t = u w+ 2-i and u j = ^w+i— j for all 
Using induction, it follows that there exist a positive integer £ and a choice of (£ — l)-tuples 
. . . , ii-i) and (oi, . . . , ai-i) as in Definition 14. lf v) such that S has one of the forms in (|4.ip . 
Conversely, suppose that S is the standard representative of a string of type /3a _1 A on level £ 
having one of the forms in (|4.ip . Using the notation from the first paragraph of the proof, this 
means that S — tr e ' f l \ or S = b^ (cf^) ae l^ for some positive integer ag. Hence S obviously has 
property (+)e. By Claim 1, it follows that S has property (+) from Lemma f3T6l This completes 
the proof of Proposition 14.31 □ 

Proposition 4.4. Let B = ZqZ^ ■ ■ ■ z n _ 1 be a standard representative of a band of type as in 
Definition \3.1S\ Then B has property (H — h) from Lemma \3.14\ if an d only if there exist a positive 
integer £ and a choice of {£ — l)-tuples (ii, . . . ,ig-i) and (ai, . . . , a^-i) as in Definition ^- lj vi) such 
that 

(4.4) B~r,(o)£ W or B~ r<(0) yW. 

Moreover, if B has property (H — h), then B allows exactly one wrap-around, as defined in Definition 

mi //■:■■ 

Proof. Let £ be a positive integer, let (ii, . . . , V-i) and (ai, . . . , ai-i) be (t— l)-tuples as in Definition 
I4.1f vi). and let B be a standard representative of a band of type on level £ relative to these (£—1)- 
tuples. As stated in Remark 14. 2r ii). B is then also a standard representative of a band of type 
on level j for all 1 < j < £ relative to the (j — l)-tuples . . . , ij-x) and (oi, . . . , dj-i)- Let 
j e {1, . . .,£}. Then B = ■ • where zp } € {x^,y^} for all ie{0,...,n 3 - 1}. For 

l<j<£, define c (j \d {j) € {x^\y^} such that = (cW)"*^ and = (c«)"j+ 1 ^. 
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For 1 < j ' < I, consider the following property: 

If there are rotated subpatterns U, V of B on level j such that B ~ r ,(o,i) £^ J7c^ V", then 
for all rotated subpatterns W of B on level j, we have B 7^ r ,(o,j) d U dV' W . 

Claim 1. Let B be a standard representative of a band of type on level I as in the first paragraph 
of the proof. Then B has property (++) from Lemma \3. 141 if and only if B has property 

Proof of Claim 1. Note that (++)i is the same as (++)• Moreover, B does not have property 
(++)j for some 1 < j < I if and only if there exist rotated subpatterns U, V, W of B on level j such 
that 

(tt)j B ~ r , (0 ,j) C7c(j) V and B ~ r> (0J) U d U) W. 
Suppose that B does not have property i-e. B satisfies (ft)i- 

If j < £, then B is also a standard representative of a band of type on level (j + 1). Therefore, 
it follows that the rotated subpattern U in (ff)j has the form {/ = (c^)^ d if) U (c^)^ for some ro- 
tated subpattern U of Bon level (j + l). Using that x^ +v > = (cV^d® andyW +1 ) = (ct J ')^ +1 d (,) , 
it follows that -B satisfies (tt)j+i f° r appropriate rotated subpatterns of B on level (j + 1). 

If j > 1, then B is also a standard representative of a band of type on level (j — 1). We have 
c« = (c^- 1 ))^- 1 ) and d b) = (cO'- 1 ))^'" 1 ), where {£, (} = {o 3 -_i,o 3 -_i + 1}. Using this to 
rewrite (ff)j on level (j — 1), it follows that B satisfies (tt)j-i f° r appropriate rotated subpatterns 
of B on level (j — 1). Therefore, Claim 1 follows by induction. 

Let B be a standard representative of a band of type on level i having one of the forms in 
(14. 4[) . Then B obviously has property (++)<>. By Claim 1, it follows that B has property (++). 

Conversely, suppose that B = z 2.i " * ' ln-i is a standard representative of a band of type 0, i.e. 
B is a standard representative of a band of type on level 1, and suppose B has property (++)■ 
Then B = x^\ or B = or 

for some positive integers m, si,...,s m and t\, . . . ,t m . Since B has property (H — h), it cannot 
contain both rotated subpatterns xj- 1 ^ and Therefore, Sj = 1 for all 1 < j < m or 

= 1 for all 1 < j < m. Let (cW,i (1) ) = and = Sj for 1 < j < m if = 1 for all j, 

and let (c (1) ,d (1) ) = and e 3 - = ij for 1 < j < m if sj = 1 for all j. Then 

(4.5) B ~ r>(0) (c«) ei d {1) ■ ■ ■ (cW) e ™ d {1) 

for some positive integers m, e%, . . . ,e m . Let ai be minimal among e\, . . . , e m . Because B cannot 
contain both rotated subpatterns (c^) ai c^ and df 1 ^ {c^) ai dp^ for any j G {l,...,m}, it 
follows that ej < a% + 1 for all 1 < j < m. Thus 6 {a\, a\ + 1} for all 1 < j < m, and we obtain 
that 

#~r,(0) Wo"i---U„ 2 _i 

where n 2 = m > 1 and ^ G {(c (1) ) ai (cW) ai+1 for all i G {0, . . . , n 2 - 1}. Letting i x = 
(resp. «i = 1) if c*- 1 -* = x (resp. = y), we obtain 

l 4 - D J ^ n(0) ^0 ll ln 2 -l 

where n2 > 1 and zp' 1 G {a;*- 2 - 1 , t/ 2 - 1 } for all i G {0, ...,n2 — 1}- Since B satisfies (++), it follows 
that Zq 2 ' 1 z^ 2 " 1 • • • z_n2-i sa ti snes (++)a by Claim 1. We obtain that B ~ r ,(o) 3l' 2 \ or B ~ r ,(o) J/'' 2 ^! or 

B~r. ( o) fe (2) r(y (2) r ••■(^)-(y( 2 )r 

for some positive integers w, ui, . . . , w«, and v\, . . . , v w . Using induction, it follows that there exist 
a positive integer £ and a choice of (I — l)-tuples . . . , and [a\, . . . , at-i) as in Definition 
I4.1( vi) such that B has one of the forms in (|4.4I) . 
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It remains to show that if B is a standard representative of a band of type satisfying condition 
(H — h), then B allows exactly one wrap-around. By what we have just proved, we can assume that 
Pu\b) — or pu\B) = for some < u < n — 1. Hence p^(B) allows exactly one wrap- 
around on level t. We can rewrite pS (B) as a standard representative of a band of type on 
level j for all 1 < j < £. Let 1 < j < £, and assume by induction that p^\B) allows exactly one 
wrap-around on level j. Using the notation from the first paragraph of the proof, it follows that 

(4.7) P^\B)=^z^ 

where n 3 > 1 and z^ S , } for all i 6 {0,. . .,rij - 1}. Moreover, = (c( j - 1 )) a i- 1 d {J ~ 1) 
&ndy^ = (c ( - j -^) a i- 1+1 d ( - i ~ 1 \ Therefore, 

(4.8) Pu\B) = (cU-V^Si-V (c^- 1 ))" 1 ^- 1 ' ■■■(c^-V) u ^- 1 d u - 1) 

r (i-i) Ji-i) „0'-i) 

— ±10 ±.1 •■•±n j _i-l 

where w , . . . , u nj -i £ {oj-i, aj-i + 1} and rij-i = (u + l)H \-(u nj -i + l) = u -\ \-u nj -i+rij. 

Assume that the unique wrap-around of pu(B) on level j is at w, so z£' — z£L t for all f, where 
the indices are taken modulo rij. Let w = (uq + 1) + • • • + (u w -i + 1) +u w — 1. Then p„ (S) allows 
a wrap-around on level (j — 1) at w. On the other hand, if p^\B) allows a wrap-around on level 
(j — 1) at v, then (|4.8p shows that v must be of the form v — (u + 1) + • • • + (wc-i + 1) + m-d — 1 
for some v G {0, . . . , rij — 1}. Hence this implies that u t — u.o_ t for all t, and thus z^' = z£*_ t for 
all t, where the indices are taken modulo rij. Therefore, the uniqueness of the wrap-around on level 
j leads to the uniqueness of the wrap-around on level (j — 1). Using induction, this completes the 
proof of Proposition 14.41 □ 



5. Appendix: The representation theory of A 

As in iJ31 let k be an algebraically closed field of arbitrary characteristic and let Ao be the 
basic /c-algebra Ao = kQ/I where Q and / are as in Figure [T] In this appendix, we describe the 
representation theory of Ao. Since Ao is a special biserial algebra, we can use the results from 

[15]. It follows from [7] that all indecomposable non-pro jective Ao-modules are either string or 
band modules. 

5.1. String and band modules for Ao. For each arrow a, A, £, S, p, (3 in Q, we define a for- 
mal inverse a -1 , A -1 , 6" 1 , p —1 , /3 _1 , respectively, with starting vertices s(a^ 1 ) = = s(A —1 ), 
sip- 1 ) = 1 = si/3- 1 ) and s(£ -1 ) = 2 = s^" 1 ) and end vertices e(a~ 1 ) = = e^ 1 ), e(p- 1 ) = 1 = 
e((5 _1 ) and e(£ _1 ) — 2 — e(A _1 ). A word w is a sequence ioi • ■ • w n , where Wi is either an arrow or a 
formal inverse such that s(wi) — e(wi + i) for 1 < i < n — 1. Define s(w) = s(w„), e(w) = e(w;i) and 
u> _1 = w -1 • • • . There are also empty words lo, li and I2 of length with e(l„) — u — s(l u ) 
and (In) -1 = 1« for u G {0,1,2}. Denote the set of all words by W, and the set of all non-empty 
words w with e(w) = s(w) by W r . Let J = {a 2 , p 2 , £ 2 , aX, A£, £5, £,o, pf3, f3a, XSf3, f3X6, Sf3X}. 

Definition 5.1. Let ~ s be the equivalence relation on W with w ~ s w' if and only if w = w' 
or w" 1 = w'. Then strings are representatives m G W of the equivalence classes under ^ s with 
the following property: Either w = l u for u G {0,1,2}, or 10 = wi ■ ■ ■ w n where Wi ^ for 

1 < i < n — 1 and no subword of w or its formal inverse belongs to J. 

Let C = w\ ■ ■ ■ w n be a string of length n. Then there exists an indecomposable Ao-module 
M(C), called the string module corresponding to the string C, which can be described as follows. 
There is an ordered fc-basis {zo, Z\, . . . , z n } of M(C) such that the action of Ao on M(C) is given 
by the following representation tpc '■ Aq — > Mat(rt + 1, k). Let v(i) = e(wi + i) for < i < n — 1 and 



22 



FRAUKE M. BLEHER AND JOSE A. VELEZ-MARULANDA 



v(n) = s(w n ). Then for each vertex u g {0, 1, 2} and for each arrow ( G {a, A, £, <5, /?, /?} in Q 

Vc(«)(^) = |o | dse^ - "} and< ^c(C)(^) = 

, z„} a canonical k-basis for M{C) relative 



Z»-l 

£i+i 




if w t = C 

if w m = C _1 

else 



We call (yS<7 the canonical representation and {zo, Zi, . . 
to the representative C. Note that M(C) = M(C _1 ). 

The string modules for the empty words are isomorphic to the simple Ao-modules, namely 
M(l ) ~ So, M(li) ~ Si and M(l 2 ) = S 2 . 

Definition 5.2. Let w = w\---w n G W r . Then, for < i < n — 1, the i-f/i rotation of w is 
defined to be the word pi(w) = w i+ i ■ ■ ■ w n w\ • • • w^. Let ~ r be the equivalence relation on W r 
such that w ~ r w' if and only if w = Pi{w') for some i or w^ 1 = Pj{w') for some j. Then 
bands are representatives w G W r of the equivalence classes under ~ r with the following property: 
w = Wi ■•■w n , n > 1, with w^ ^ w^ and w„ 7^ w^ 1 , such that w is not a power of a smaller word, 
and, for all positive integers m, no subword of w m or its formal inverse belongs to J. 

Let B = W\ ■ ■ ■ w„ be a band of length n. Then for each integer m > and each p G k* there 
exists an indecomposable A -module M(B, p, m) which is called the band module corresponding to 
the band B, p and m, which can be described as follows. There is an ordered fc-basis 

{>o 

of M(B, p,m) such that the action of Ao on M(B, p,m) is given by the following representation 
^B.^.m ■ A — > Mat(n-m, k). Let v(i) = e(w i+ i) for < i < n — 1. Then for each vertex u G {0, 1,2} 
and for each arrow £ G {a, A, £, <5, p, (3} in Q, we have 



<^B,M,m(w)(Zij) 







if 

else 



,(C)(^-) 



M^o,j + z oj+i 

z i—l,j 

Li~ 1 zij + zi,j+i 





and 

if = £ and i = 1 
if Wi = £ and i ^ 1 
if Wj+i = and i = 
if Wi + i = and i ^ 
else 



for all < i < n — 1, 1 < j < m, where zo,m+i = 
the canonical representation and {zq,i, £0,2, • • 



= zi,m+i and = zo.j for all j. We call 

) Z().in: ^1,1; • • • ; Zl,m; • • • ; -^n— 1,1; • • • ; <2n— l,m/ 

a canonical k-basis for M(B, p,m) relative to the representative £?. Note that we have for all 
< i,j < n — 1, 

M(B,p,m) S M( Pi (B),p,m) S M{ Pj {B)-\ p' 1 ,m). 

5.2. The stable Auslander-Reiten quiver of A . Each component of the stable Auslander- 
Reiten quiver of A consists cither entirely of string modules or entirely of band modules. The 
band modules all lie in 1-tubes. The components consisting of string modules are two 3-tubes and 
infinitely many non-periodic components of type ZA 1 ^ . 

The irreducible morphisms between string modules can be described using hooks and cohooks. 
For our algebra Ao, these are defined as follows. Let M be the set of maximal directed strings, i.e. 
M = {a,p,£,\5,5p,p\}. 



Definition 5.3. Let S be a string. We say that S starts on a peak (resp. starts in a deep) if 
S = S'C (resp. S = S'C^ 1 ) for some string C in M. Dually, we say that S ends on a peak (resp. 
ends in a deep) if S = D~ 1 S" (resp. S = DS") for some string D in M. 

If S does not start on a peak (resp. does not start in a deep), there is a unique arrow £ and a 
unique M G M such that Sh — SQM^ 1 (resp. S c = 5( _1 M) is a string. We say Sh (resp. S c ) is 
obtained from S by adding a hook (resp. a cohook) on the right side. 
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Dually, if S does not end on a peak (resp. does not end in a deep), there is a unique arrow £ and 
a unique N e M such that hS = N£~ 1 S (resp. C S = N~ l £S) is a string. We say hS (resp. C S) is 
obtained from S by adding a hook (resp. a cohook) on the left side. 

All irreducible morphisms between string modules are either canonical injections M(S) — > M(Sh), 
M(S) -> M( h S), or canonical projections M(S C ) -> M(5), M( c 5) -> M(5). 

In particular, since none of the projective Ao-modules is uniserial, we get the following result. 
Suppose M(S) is a string module of minimal length such that M(S) belongs to a component of the 
stable Auslander-Reiten quiver of Ao of type ZA^. Then near M(S) the stable Auslander-Reiten 
component looks as in Figure [2] 



Figure 2. The stable Auslander-Reiten component near M(S). 

M( CC S) M(cSh) M(S hh ) 

V( C S) M(S h ) ). 

M( C S C ) M(S) M( h S h ) 

M(S C ) M( h S) ). 

M(S CC ) M( h S c ) M{ hh S) 



5.3. Homomorphisms between string and band modules for Ao. In [TS], all homomorphisms 
between string and band modules have been determined. The following remark describes the ho- 
momorphisms between string modules using the canonical bases defined in Definition 15. II 

Remark 5.4. Let M(S) (resp. M(T)) be a string module for Ao with a canonical /c-basis {x u }™ = q 
(resp. {y«}" = o) relative to the representative S (resp. T). Suppose C is a string such that 

(i) S ~ s S'CS" with (S' of length or S' = and (S" of length or S" = ^ 1 5"'), where 
S', S', S", S" are strings and £i, ^2 are arrows in Q; and 

(ii) T ~ s T'CT" with (T' of length or V = T'Cf 1 ) and (T" of length or T" = C2T"), where 
T',T', T", T" are strings and Ci, C2 are arrows in Q. 

Then by [TS] there exists a non-zero Ao-module homomorphism oc ■ M(S) — > M(T) which factors 
through M(C) and which sends each element of {a; u }™ =0 either to zero or to an element of {y„}™ =0 , 
according to the relative position of C in S and T, respectively. If e.g. S = S1S2 ■ ■ ■ s m , T = 
tit 2 ■ ■ ■ t n , and C = s i+ is l+2 ■ ■ ■ s i+e = tj^^j+e-i ' ' ' tncn 

ac(xi+t) = Vj+l-t for < t < £, and o~c(xu) = for all other u. 

We call o~c a canonical homomorphism from M(S) to M (T). Note that there may be several choices 
for S', S" (resp. T', T") in (i) (resp. (ii)). In other words, there may be several fc-linearly indepen- 
dent canonical homomorphisms factoring through M(C). By [15) . every Ao-module homomorphism 
a : M(S) — > M(T) can be written as a unique /c-linear combination of canonical homomorphisms 
which factor through string modules corresponding to strings C satisfying (i) and (ii). 
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It follows from 15] that if B is a band, /j, £ k* and n > 2 is an integer, then End A (M(B, fi, n)) 
has fc-dimension at least 2. The following remark describes the homomorphisms between band 
modules of the form M(B,fi, 1) using the canonical bases denned in Definition 15.21 

Remark 5.5. Let B,B be bands and let fi, ft 6 k* . Let Mb jJU = M(B ) ii,l) (resp. Mg - = 
M{B,jl, 1)) with a canonical fc-basis {2«,i}o<u<m-i (resp. {zi,,i}o<u<n-i) relative to the represen- 
tative B (resp. B). Suppose S is a string such that 

(i) B ~ r STi with T\ — T{%2, where T\,T[ are strings and £1,^2 are arrows in Q; and 

(ii) B ~ r ST2 with T2 = (1^(2 1 , where T2, T2 are strings and £1 , C2 are arrows in Q. 

Then by [15] there exists a non-zero Ao-module homomorphism t$ : Mb i(j — > Afg - which factors 
through M(S) and which sends each element of {£u,i}o<«<m-i either to zero or to an element 
of {5t),i}o<i><n-ii according to the relative position of S in B and B, respectively. Suppose e.g. 
B = wi ■ ■ ■ w m , B = wi ■ ■ ■ w n and S = w l+1 w l+2 ■ ■ ■ w i+e = ■ ■ • wj+n where w l = £ 2 , 

m+t+i = w~ x = Ci, = (2 1 - Theri 

T~s{zi+t,i) — Zj+t—t,i f° r < t < £, and Ts(z Ut \) — for all other u. 

We call tc a canonical homomorphism from to - of string type S. Note that there may 

be several choices for T± (resp. T2) in (i) (resp. (ii)). In other words, there may be several k- 
lincarly independent canonical homomorphisms of string type S. By [15] . if Ms tt i and Mg - are not 
isomorphic, then every Ao-module homomorphism r : Mb.^ — > - can be written as a unique 
^-linear combination of canonical homomorphisms of string type S for suitable choices of strings 
S satisfying (i) and (ii). If B = B and fj, = fx, then every Ao-module cndomorphism of Mb.^ 
can be written as a unique fc-linear combination of the identity homomorphism and of canonical 
cndomorphisms of string type S for suitable choices of strings S satisfying (i) and (ii) . 
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